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Abstract 

It has been shown that many networks associated with complex systems 
are small-world (they have both a large local clustering coefficient and a small 
diameter) and they are also scale-free (the degrees are distributed according 
to a power law). Moreover, these networks are very often hierarchical, as they 
describe the modularity of the systems that are modeled. Most of the studies 
for complex networks are based on stochastic methods. However, a determin¬ 
istic method, with an exact determination of the main relevant parameters 
of the networks, has proven useful. Indeed, this approach complements and 
enhances the probabilistic and simulation techniques and, therefore, it pro¬ 
vides a better understanding of the systems modeled. In this paper we find 
the radius, diameter, clustering coefficient and degree distribution of a generic 
family of deterministic hierarchical small-world scale-free networks that has 
been considered for modeling real-life complex systems. 

Keywords: Hierarchical network; Small-word; Scale-free; Degree; Diameter; Cluster¬ 
ing. 


1 Introduction 


With the publication in 1998 and 1999 of the papers by Watts and Strogatz on 
small-world networks [211 and by Barabasi and Albert on scale-free networks [3], 
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there has been a renewed interest in the study of networks associated to complex 
systems that has received a considerable boost as an interdisciplinary subject. 

Many real-life networks, transportation and communication systems (including 
the power distribution and telephone networks), Internet [H], World Wide Web [2], 
and several social and biological networks [iniEiE], belong to a class of networks 
known as small-world scale-free networks. All these networks exhibit both a strong 
local clustering coefficient (nodes have many mutual neighbors) and a small diam¬ 
eter. Another important characteristic is that the number of links attached to the 
nodes usually obeys a power law distribution (‘scale-free’ network). Several authors 
also noticed that the modular structure of a network can be characterized by a 
specihc clustering distribution that depends on the degree. The network is then 
called hierarchical [HI |20l[22]. Moreover, with the introduction of a new measuring 
technique for graphs, it has been discovered that many real networks can also be 
categorized as self-similar, see [H] . 

Along with these observational studies, researchers have developed different mod¬ 
els KIHIE], most of them stochastic, which should help to understand and predict 
the behavior and characteristics of complex systems. However, new deterministic 
models constructed by recursive methods, based on the existence of ‘cliques’ (clus¬ 
ters of nodes linked to each other), have also been introduced O El El ESI ES]. Such 
deterministic models have the advantage that they allow one to analytically com¬ 
pute relevant properties and parameters, which may be compared with data from 
real and simulated networks. In [3], Barabasi et al. proposed a simple hierarchical 
family of deterministic networks and showed it had a small-world scale-free nature. 
However, their null clustering coefficient of all the vertices (the clustering coefficient 
of a vertex is dehned as the number of edges between the neighbors of this vertex 
divided by the number of all possible edges between these neighbors) contrasts with 
many real networks that have a high clustering coefficient. Another family of hi¬ 
erarchical networks is proposed in [H]. It combines a modular structure with a 
scale-free topology and models the metabolic networks of living organisms and net¬ 
works associated with generic system-level cellular organizations. A simple variation 
of this hierarchical network is considered in im, where other modular networks (as 
WWW, the actor network, Internet at the domain level, etc.) are studied. This 
model is further generalized in |16j . 

Several authors HI EH EH] claim that a signature for a hierarchical network on 
top of the small-world scale-free characteristics is that the clustering of the vertices 
of the graph follows C{ki) oc l/Zcj, where ki is the degree of vertex i. 

In this paper, we study a family of hierarchical networks recursively dehned from 
an initial complete graph on n vertices. We hnd some of the main properties for 
this family: radius, diameter, and degree and clustering distributions. 
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2 The hierarchical graph Hn^k 


In this section we generalize the constructions of deterministic hierarchical graphs 
introduced by Ravasz et al. [miH] and Noll [I 6 ]. Roughly speaking, these graphs 
are constructed first by connecting a selected root vertex of a complete graph Kn to 
some vertices of n — 1 replicas of Kn-, and establishing also some edges between such 
copies of Kn- This gives a graph with vertices. Next, n — 1 replicas of the new 
whole structure are added, again with some edges between them and to the same 
root vertex. At this step the graph has vertices. Then we iterate the process 
until, for some integer k > 1 , the desired graph order is reached (see below for 
a formal dehnition). Our model enhances the modularity and self-similarity of the 
graph obtained, and allows us to derive exact expressions for the radius, diameter, 
degree and clustering distributions. 

2.1 Definition, order and size 

Next we provide a recursive formal dehnition of the proposed family of graphs, 
characterized by the parameters n > 2 (order of the initial complete graph) and 
k > 1 (number of iterations or dimension). This allows us to give also a direct 
dehnition and derive an expression for the number of edges (the radius and the 
diameter will be studied in the next section). 

Definition 2.1 Let n and k he positive integers, n > 2. The hierarchical graph 
Hn,k has vertex set Vn,k, with vertices, denoted by the k-tuples X 1 X 2 X 3 ... Xk, 
Xi G 1 <i <k, and edge set En,k defined recursively as follows: 

• Hn,i is the complete graph Kn. 

• For k > 1, Hn,k is obtained from the union of n copies of Hn,k-i, each denoted 

by 0 < a < n — 1 , and with vertices xfx'f .. .xf = 0 x 2 X 3 ... Xk, by 

adding the following new edges {where adjacencies are denoted by ~’)-’ 


( 1 ) 

( 2 ) 


000 ... 00 ~ X1X2X3 ... Xk-iXk, Xj 7 ^ 0, 1 < j < k] 

X 1 OO...OO ~ 1 / 1 OO...OO, xi,?/i 7 ^ 0, xi 7 ^ 1 / 1 . 


Alternatively, a direct dehnition of the edge set En^k is given by the following 
adjacency rules (when i = 0 , then X 1 X 2 ... Xj is the empty string): 
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xiX2...Xk ~ X1X2.. .Xk-iVk, Uk ^ Xk] (3) 

X1X2 . . . XjOO ... 0 ~ X1X2 . . . XiXi+iXi +2 ■■■Xk, 

Xj ^ 0, i + 1 < j < k, 0 < i < k — 2; (4) 

X1X2 ... XiOO ... 0 ~ X1X2 ... Xi-iyiOO ... 0 , 

Xi, 2 /i 7 ^ 0, Vi^Xi, l<i<k-l. (5) 

Notice that both conditions ([^ and (|^ of the recursive definition correspond to Q 
with i = 0, and ([^ with i = 1, respectively. 

To illustrate our construction, Fig. shows the hierarchical graphs H^^k, for 
k = 1,2,3. The following result gives the number of edges of Hn k, which can be 
easily computed by using the recursive definition. 


Proposition 2.2 The size of Hn^k is 

\En,k\ = -in- - 27 ^"^ - ^ + 1 . 


( 6 ) 
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Proof. When constructing from n copies of Hn-i^k, the adjacencies (j^ and 
2 ) introduce (n — 1 )^ and (""2^) new edges, respectively. Therefore, 


|h^n,A:| — n\En,k-l\ + (u — 1)^ + 


'n — V 


get 


^k-l 


I En^k I 'n 

which yields the result. □ 


n' 


+ ^n"-'(n-iy + 


'n — V 


i=2 


that \En,i\ = 

]), we 

k-2 

i=0 

( 7 ) 


2.2 Hierarchical properties 

The hierarchical properties of the graphs Hn,k are summarized by the following facts, 
that are a direct consequences of the dehnition: 

(a) According to (|^, for each sequence of hxed values Oj G 1 < i < k — 1 , the 
vertex set {aiQ!2 • • • c^k-iXk ■ Xk G induces a subgraph isomorphic to K^. 

(b) Vertex r := 00 ... 0 , which we distinguish and call root, is adjacent by Q to 
vertices XiX2 ... x* 7^ 0, for all 1 < i < k, which we call peripheral. 

(c) For every i, 1 < i < k — 1 , Hn,k can be decomposed into rf vertex-disjoint 

subgraphs isomorphic to Hn^k-i- Each of such (induced) subgraphs is denoted 
by and has vertex labels Q:Xj+iXj+2... Xk, with cx = aia2 .. .cxi G 

being a hxed sequence. In particular, for i = 1 , Hn^k has n subgraphs 

a = 0,1,. ..,n — 1, as stated in the recursive dehnition. 

(d) The root vertex of the subgraph is a. 00 ... 0 . Thus, the total number 

k—i 

of root vertices of all the subgraphs, including the one in Hn^k, is 


k—1 

1 -1- (n — 1) ^ (8) 

i=l 

as expected since a given vertex X1X2 ... is a root (of some subgraph) if and 
only if Xk = 0. 
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(e) The peripheral vertices of the subgraph H^^_- are of the form cxXi+iXi +2 ■ ■ - Xk, 
where Xj ^ 0, i + 1 < j < k. Thus, the total number of peripheral vertices of 
all the subgraphs, including those in Hn,k, see ( 6 ), is 

k-l 

{n - 1)^ + (n - 1) ^ n^-\n - 1)^"* = n’‘-\n - 1), (9) 

i=l 

as expected since XiX 2 ... x*, is a peripheral vertex (of some subgraph) if and 
only if Xk ^ 0. Note that, adding up ^ and ([^, we get so that 

every vertex of H^^k is a root or peripheral of some subgraph isomorphic to 

Hn,k', I <k' <k. 

(/) By collapsing in Hn k each of the n* subgraphs a. G into a single 

vertex and all multiple edges into one, we obtain a graph isomorphic to Hn^i- 

{g) According to (|^, for every hxed i, I < i < k, and given a sequence ck G 

there exist all possible edges among the n — 1 vertices labeled CKXjOO ... 0 with 
Xj G Z* = {1, 2 ,..., n — 1}, that is, the root vertices of Thus, these 

edges induce a complete graph isomorphic to Kn-i. 


3 Radius and Diameter 


In this section we determine the radius and diameter of H^^k by using a recursive 
method. With this aim, let us hrst introduce some notation concerning Hn^k- Let 
dk{x,y) denote the distance between vertices x,y E Vn,k in Hn,k] and dk{x,U) := 
minitgf/{9fc(a;, w)}. Let r“ = aOO... 0 be the root vertex of a G Z„ (as 

stated before, r stands for the root vertex of Hn,k)- Let P and P“, a G Z„, denote 
the set of peripheral vertices of H^^k and respectively. 

Proposition 3.1 Let Vk^Ski'i"), Dk denote, respectively, the radius, the eccentricity 
of the root r, and the diameter of Hn,k- Then, 

(a) Tk = ek{r) = k. 

(b) Dk = 2k- 1. 

Proof. 

(a) The radius of Hn,k coincides with the eccentricity of the root: Vk = £fc(n) = k. 
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( 6 ) By induction on k. 

For k = 1: As Hn,i = Kn, then Di = 1 . 

Assume that, for some hxed k > 1, Dk = 2k — 1. 

Then, for k' = k + 1\ As is made from n copies of (called copy 0, 
copy 1 ,..., copy n — 1 ), two further vertices in H^ k' must be in different copies 
of Hn^k- If none of these two vertices is in the copy 0 of Hn^k, then both copies 
are joined by their roots. Then, the diameter of Hn,k' is: 

Dk' = £k{r) + ek{r) + 1 = 2/c + 1 = 2fc' - 1, 

where r is the root of any of the two copies of Hn,k- On the other hand, if 
one of the two vertices is in the copy 0 of Hn,k, then both copies are joined 
from the root of the copy 0 to the peripheral vertices of the other copy of Hn^k- 
Then, the diameter of H^^k' is: 

Dk' = £k{r) + £k{p) + 1 = 2 fc + 1 = 2 fc' - 1 , 

where p is one of the peripheral vertices of the non-zero copy of Hn^ki and 
ek{p) = k. 


□ 


Then, from the result on the diameter and property (c) in Subsection 2.2, we have 
that the distance between two vertices x and y of with maximum common 
prefix of length i = \x y\^ satisfies 


d{x, y) < 2{k — z) — 1 . 


Alternatively, we can give recursive proofs of these results. ludeed, let us cousider 
the case of the diameter. With this aim, we first give the followiug result that follows 
from the recursive defiuitiou of Hn^k'- 


Lemma 3.2 Let x and y be two vertices in Hn,k, k > 1. Then, depending on the 
subgraphs where such vertices belong to, we are in one of the following three 

cases: 


(a) If x,y E for some a G that is, x = ax' and y = ay', then, 

dk{x,y) = dk-i{x',y'). 


( 6 ) 


If X E and y E some a E Z*, that is x = Ox', y = ay', with 

a 0, then, 

dkix, y) = dk-i{x', r°) -h 1 dk-i{y', P"). 
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(c) If X E and y G for some a,(3 E Z*, a ^ /3, that is x = ax', 

y = fly' , with a,/9 7 ^ 0 , then, 

dk{x,y) = mm{dk-i{x', P''‘) + 2 + dk-i{y', P'^), dk-i{x',r°‘) + l + dk-i{r^,y')}. 


Lemma 3.3 For any vertex x in Hn,k we have: 


dk{x,r) < 


k — 1 if X = t)x', 

k otherwise. 


and 


dk{x,P) < 


k 

k-1 


if X = Ox', 
otherwise. 


Proof. By induction on k. 

Case k = 1\ If a; = 0 = r, then di{x,r^) = 0 and di{x,P) = 1. Otherwise, 
X E P = 'Ln-, and then di{x, r) = 1 and di{x, P) = 0. 

Case k > 1\ We observe that, from the recursive dehnition of Hn,k-i 


dk{x,r) 


dk-i{x',r'^) if X = Ox', 

dk-i{x', P“) + 1 if a; = ax' and a 7 ^ 0, 


and 


dk{x,P) 


dk-i{x', r°) + 1 if a; = Oa;', 

dk-i lx', P") if a; = ax' and a 7 ^ 0. 


Then, by the induction hypothesis, the lemma holds. □ 


In the next result, = 0101... and 2 ^° = 1010 ... denote any vertex 0 : 1 X 2 ... Xj... 
of Hn,k or Hn,k-i, where x* = i + 1 (mod 2 ) and Xi = i (mod 2 ), respectively. 


Lemma 3.4 In H^^k, the following equalities hold: 

(a) dk{z°^, r) = dk{z^^, P) = k-l, 

(b) dk{z^^,r) = dk{z^\P) = k. 


Proof. By induction on k. 

Case k = 1: Hn^k is the complete graph Kn, and the result clearly holds. 
Case k > 1: From Lemma [3.21 we have: 


(a) dk{z^^, r) = dk-i{z^^, r°) = k - 1 , 
dk{z^^,P)=dk-i{z^\P^) = k-l-, 

(b) dkiz^^, r) = dk-iiz^^, P^) + 1 = k, 




dk{z^^, P) = r°) + l = k — l + l = k. 


□ 

Now we can give the result about the diameter of -ffn.fc- 
Proposition 3.5 The diameter of Hn^k is Dk = 2k — 1. 


Proof. First we prove by induction on k that, for any given pair of vertices of 
X and y, we have dk{x, ?/) < 2 /c — 1 . 

Case k = 1\ The result trivially holds since Hn^i = Kn and Di = 1. 

Case k > 1: Considering the three cases of Lemma 3^ and by using the induction 
hypothesis, we have: 


(а) If x,y E for some a G that is, x = ax' and y = ay', then, 

dk{x, y) = dk-i{x', y') <2{k - 1) - I = 2k - 2 , <2k - 1 . 

(б) If a; G Vf^k-i y G Vffk-i for some a G Z*, that is a; = Oa;', y = ay' , with 
a 7 ^ 0, then, 

dk{x, y) = dk-i{x', r°) + 1 + dk-i{y', P") < 2(A; - 1) + 1 = 2A; - 1, 


since, by Lemma 3.3, dk-i{x', r°) < k — 1 and dk-i{y', P“) < k — 1. 


(c) If a; G Vffk-i and y G for some a,f3 E Z*, a ^ (3, that is a; = ax', 

y = jdy' , with a, (3 ^ f), then 

dk{x,y) = mm{dk-i{x',P'^)+ 2 + dk-i{y',P^), dk-i{x',r°‘) + 1 + dk-iir^^,y')} 

< 2{k-l) + l = 2k-l, 


since. 


, by Lemma 3.4, dk-i{x', r°‘) <k — 1 and 9fc_i(r^, y') < k — 1. 


Now, we have to prove that there exist two vertices in Pdn,k at distance exactly 
01 ’ 


2k — 1. Let X = and y = It follows from Lemmas 3.2 and 3.4 that 

dk(x, y) = 2k — 1. This completes the proof. 


□ 


Note that the diameter scales logarithmically with the order N = = n^, 

since Dk = r-^logiV — 1. This property, together with the high value of the 

log n 

clustering coefficient (see next section), shows that this is a small-world network. 
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4 Degree and clustering distribution 


In this section we study the degree and clustering distributions of the graph Hn,k- 


Proposition 4.1 The vertex degree distribution in Hn,k is as follows: 


(a) The root vertex r of Hn,k has degree 

(n — 1 )^+^ — (n — 1 ) 


6{r) = 


n — 2 


(6) The degree of the root vertex r“_- of each of the {n — l)n'^ ^ subgraphs 
with i = 1,2,... ,k — 1, OL = 0102 ... Oi G and ai 7 ^ 0 , is 

(c) The degree of the {n — 1)*^ peripheral vertices p of Hn,k is 

6{p) = n + k — 2. 


(d) The degree of the {n—lY ^ peripheral vertices p'^_^ of the subgraphs 
with i = 1,2,... ,k — 1, a = 0102 ... Oi G and 7 ^ 0 , is 

=n^k-i-2. 


Proof, (a) By the adjacency conditions ([^ and Q, the root of Hn^k has degree 


Sir) = Ellin -ly 


(n——(n—1) 
n—2 


( 6 ) The root of the subgraph i = 1, 2,..., A; — 1, ck = q;iq ;2 • • • Oi G Zj^ and 

Oj 7 ^ 0 , is adjacent, by (a), to vertices belonging to the same subgraph, 

and also, by (|^, to the n — 2 other roots ‘at the same level’. 

(c) Each peripheral vertex of Hn,k is adjacent, by (|^, to n — 1 vertices and, by (|^, 
to fc — 1 roots of other subgraphs. 

id) Each peripheral vertex of i = 1,2,..., k — 1, a = 0102 ... Oi G Zj^ and 

ttj y 0 , is adjacent, by (|^, to n — 1 vertices (of the subgraph isomorphic to Kn) 
and, by (|4|), to k — i roots of other subgraphs. □ 
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The above results on the degree distribution of Hn ^ are summarized in Table 
Note that, from such a distribution, we can obtain again Proposition 2^ since the 
number of edges can be computed from 


2\En,k\ = s{r) + - l)n* + (n - l)''5(p) + - 1 )'= V 


k-l 

E( 


which yields Q. Moreover, using this result, we see that, for a large dimension k, 
the average degree turns out to be of order 

^ 2\Enk\ 3n^+^-4n^- 2 (n- 1 )''+!-n + 2 

-~n + 2 ^- 2 . 


From the degree distribution and for large k we see that the number of vertices 
with a given degree z, Nn,k{z), decreases as a power of the degree z and, therefore, 
the graph is scale-free [U | 6 ], [ 8 ] . As the degree distribution of the graph is discrete, to 
relate the exponent of this discrete degree distribution to the standard 7 exponent of 
a continuous degree distribution for random scale free networks, we use a cumulative 
distribution 

Pcnu,{z) = Y. \NnA^')\/\Vn,k\ ~ 

z'>z 


where 2 ; and z' are points of the discrete degree spectrum. When —, 

there are exactly (n — vertices with degree z. The number of vertices with 

this or a higher degree is 


[n — l)n* ^ -f- ■ • • (n — l)n -f (n — 1 ) -|- 1 = 1 -|- (ra — 1 ) = w\ 

j=o 


Then, we have 
and 


/rr = n* Therefore, for large k, ((n — 1)*' ~ n 


A—k 


7 ~ 1 + 


logn 

log(n — 1 ) 


For n = 5 this gives the same value of 7 as in the case of the hierarchical network 
introduced in Id- This network can be obtained from El^ ^ by deleting the edges 
that join the roots of j 7 ^ 0,1 < i < fc — 2 . 


Next we hnd the clustering distribution of the vertices of Hn,k- The clustering 
coefficient of a graph G measures its ‘connectedness’ and is another parameter used 
to characterize small-world and scale-free networks. The clustering coefficient of a 
vertex was introduced in [2T] to quantify this concept. For each vertex v G V{G) 
with degree 5^, its clustering coefficient c{v) is defined as the fraction of the ('^ 2 ”) 
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Vertex class 
Hn,k root 


Table 1: Degree and clustering distribution for Hn^k- 


No. vertices 
1 


Degree 

(n—1)'“+'- —(n—1) 
n —2 


Clustering coefficient 


in-2? 

(n—1)'=+! —2n+3 


roots (n - (n-i)^ j+i-(n-i) ^ ^ _ 2 

i = 1,2,...,k - 1, 

Q! = CXi0^2 • ■ • 
ai ^ 0 


_ (n-2? _ 

(n—1)2 —3n+4 


ffn,k peripheral (n- 1)^= 


n + k — 2 


(n-l?+(2k-3)(n-l)+2-2k 
(n+fc—2)(nH-/c—3) 


ff„V. (n-irw-' u + k-i-2 '"-‘’'(hVSKfcVst”"'' 

i = 1,2 ,..., fc - 1, 
q: = Q!ia2 . ■. (Xi G ZV 

Oi 7^ 0 


possible edges among the neighbors of v that are present in G. More precisely, if 
is the number of edges between the vertices adjacent to vertex v, its clustering 
coefficient is 


c(n) 


2 e^ 

6y{6y - 1 ) ’ 


( 10 ) 


whereas the clustering coefficient of G, denoted by c{G), is the average of c(n) over 
all nodes n of G: 


c(G) 


1 


E c(n). 

v£V{G) 


( 11 ) 


Another dehnition of clustering coefficient of G was given in [15] as 


c\G) 


3T(G) 


( 12 ) 


where t{G) and T{G) are, respectively, the number of triangles (subgraphs isomor¬ 
phic to it's) and the number of triples (subgraphs isomorphic to a path on 3 vertices) 
of G. A triple at a vertex n is a 3-path with central vertex v. Thus the number of 
triples at v is 



^,,((5^ - 1 ) 
2 


(13) 


The total number of triples of G is denoted by t{G) = Using these 

parameters, note that the clustering coefficient of a vertex v can also be written as 
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c(v) = where T(v) = (^ 2 ”) is the number of triangles of G that contain the 
vertex v. From this result, we get that c(G) = c'(G) if, and only if. 


|l^(G)| 


EvgV(G) T(v) 

Evgv(g)T(v) r(n)‘ 


This is true for regular graphs or for graphs such that all their vertices have the 
same clustering coefficient. In fact, c'(G) was already known in the context of social 
networks as transitivity coefficient. 


We hrst compute the clustering coefficient and, then, the transitivity coefficient. 


Proposition 4.2 The clustering distribution of Hn,k is the following: 


The root r of Hn k has clustering coefficient 

{n - 2)2 


c r = 


(n — 1)^+1 — 2n + 3 


(b) 


The clustering coefficient of the root vertex of each of the {n — l)n* ^ 
subgraphs with i = 1,2,..., k — 1, ex. = 010:2 ... o* G and o* 7 ^ 0 , is 


Grk_,) = 


(n-2)2 


(c) 


(n — + (n — 1)2 — 3n + 4 

The clustering coefficient of the {n — 1)^ peripheral vertices p of Hn^t is 

{n - 1)2 + {2k - 3)(n - 1) + 2 - 2A; 


c{p) = 


{n + k — 2){n + k — 3) 


id) 


The clustering coefficient of the {n — 1)^ ^ peripheral vertices p^-i of the 

subgraphs with i = 1,2,..., k — 1, cx = 01 O 2 ... o* G Z)^ and o* 7 ^ 0 is 


ciPt-i) = 


{n - 1)2 + {2k -2i- 3)(n - 1) + 2 + 2i - 2A; 
{n + k — i — 2){n + k — i — 3) 


Proof. We prove only three of the cases, as the proof of the other is similar. 

(a) As the root of Hn^k is adjacent to E\=ii'’o — 1)* vertices with degree n — 2, its 
clustering coefficient is 


c r = 


ti- 2 (n—n+1 
2 n—2 


{n-2f 


1 (n-l)fe+l-n+l / (n-l)fc+l-n+l _ _ Xjfc+l _ 2n + 3 ' 

2 TX 2 y 74 2 J 
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( 6 ) The roots of (i = 1, 2,..., A; — 1, Oj 7 ^ 0) have clustering coefficient 

i = — 

k—i) Y 


c[r\ 


n-2 (n-l)*‘ ®+l-n+l , (n-2)(n-3) 

2 n-2 2 


( 


(n—1)*^“*+!—n+1 


11—2 


+ n 


2 )( 


(n—1)''“®+!—n+1 


n—2 


+ n — 3 


(n — 2 )^ 


(n — + (n — 1)2 — 3n + 4 

(h) The clustering coefficient of the peripheral vertices of (A = l,2,...,fc —1, 

di 7 ^ 0 ) is 

^ ^^^^ + (n- 2 )(fc-z-l) 

l(^n + k-i-2){n + k-i-?,) 

(n - 1)2 + (2A; - 2i - 3)(n - 1) + 2 + 2i - 2A; 

(n + fc — i — 2) (n + /c — i — 3) 

In particular, note that, for i = k — 1, the peripheral vertices of a 7 ^ 0, 
have clustering coefficient = 1 . 


□ 





Figure 2: The clustering coefficient of for n = 4, 6 ,..., 20. 


The above results on the clustering distribution are summarized in Table [T} From 
these results, we can compute the clustering coefficient of Hnk, which is shown in 
Fig.i The clustering coefficient tends to 1 for large n. 
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We think that this constant value for the clustering coefficient, which is indepen¬ 
dent of the order of the graph, together with the 7 value of the power law distribution 
of the degrees, is also a good characterization of modular hierarchical networks. Ob¬ 
servations in metabolic networks of different organisms show that they are highly 
modular and have these properties, conhrming the claim, see EDS]. 

To hnd the transitivity coefficient, we need to calculate the number of triangles 
and the number of triples of the graph. 


Proposition 4.3 The number Tn^k of triangles of Hn,k is 


Tn,k = ^{n-2) ( 1 -^-{n- 1 )^+^ + ^n^( 2 n - 3)^ . 


^roof. When constructing Hn,k from n copies of Hn^k-i, the adjacencies ([^ and 
2) introduce (n — and (" 3 ^) new triangles, respectively. Therefore, 


Tn,k T (n 1) 




By applying recursively this formula and taking into account that , we 

get the result. □ 


Moreover, from the results of Proposition 4.1| (or Table 1) giving the number of 
vertices of each degree, we have the following result for the number of triples (we 
omit the obtained explicit formula, because of its length): 


Proposition 4.4 The number Tn,k of triples of Hn,k is 




Now the transitivity coefficient follows from the former two results and, as Fig. 
shows, tends quickly to zero as fc —)■ cxd. 


5 Conclusions 

In this paper we have provided a family of graphs that generalize the hierarchi¬ 
cal network introduced in [TH], and combine a modular structure with a scale-free 
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Figure 3: Transitivity coefficient of Hn,k for n = 4, 6 ,..., 20. 


topology, in order to model modular structures associated to living organisms, social 
organizations and technical systems. For the proposed graphs, we have calculated 
their radius, diameter, degree distribution and clustering coefficient. Moreover, we 
have seen that they are scale-free with a power law exponent, which depends on 
the initial complete graph; that the clustering distribution c{z) scales with the de¬ 
gree as z~^; and that the clustering coefficient does not depend on the order of the 
graph, as in many networks associated to real systems H El ig. Finally, it is 
worth mentioning that our definition can be generalized by taking the vertex set 
Zn-^ X Z „2 X • • • X Znp (instead of Z^), so obtaining similar results. 
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